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If a contact of two purely elastic bodies with no sliding (infinite coefficient of friction) is subjected to 
superimposed oscillations in the normal and tangential directions, then a specific damping appears, that 
is not dependent on friction or dissipation in the material. We call this effect “relaxation damping”. The 
rate of energy dissipation due to relaxation damping is calculated in a closed analytic form for arbitrary 
axially-symmetric contacts. In the case of equal frequency of normal and tangential oscillations, the dis-
sipated energy per cycle is proportional to the square of the amplitude of tangential oscillation and to 
the absolute value of the amplitude of normal oscillation, and is dependent on the phase shift between 
both oscillations. In the case of low frequency tangential motion with superimposed high frequency 
normal oscillations, the system acts as a tunable linear damper. Generalization of the results for macro-
scopically planar, randomly rough surfaces is discussed.  
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  It is well known that oscillating tangential contacts exhib-
it frictional damping due to slip in parts of the contact. Solu-
tions for this behavior in the case of spherical surfaces were 
given by Mindlin et al. [1] in 1952. This contact damping 
plays an important role in numerous applications in structural 
mechanics [2], tribology [3] and materials science [4]. Since 
this damping arises due to partial slip in the contact of bodies 
with curved surfaces, when the coefficient of friction tends 
towards infinity, slip disappears, frictional losses are eliminat-
ed, and the oscillation damping becomes zero [1]. However, 
when a contact oscillates in both normal and tangential direc-
tions, there is another, purely elastic loss mode that we refer to 
as “relaxation damping”. To our knowledge this phenomenon 
has not yet been discussed in the literature. Damping due to a 
combination of normal and tangential oscillations has been 
studied recently by Davies et al. [5] for smooth two-
dimensional profiles and by Putignano et. al. [6] for rough 
surfaces. However, the fact that dissipation exists even in the 
limiting case of an infinite coefficient of friction, when rela-
tive frictional movement of contacting bodies does not occur, 
went unnoticed. This effect is an example of purely “non-
dissipative” damping, somewhat like the Landau damping in a 
collisionless plasma [7].   
 In its essence the proposed loss mechanism is similar to a 
spring that is deflected and abruptly released, converting the 
stored energy into elastic waves that are eventually dissipated. 
If we consider a body that is pressed into a plane, then moved 
tangentially (with “stick” conditions in the contact), and final-
ly lifted in the normal direction, the accumulated shear energy 
will eventually be lost even if there is no slip in the contact 
area and the material is purely elastic. Thus, an apparently 
non-dissipative system shows dissipation. The same will also 
happen in contacts that oscillate normally and tangentially at 
the same time, even if the motion is very slow (quasi-static.) 
At first glance it seems contradictory that a slowly moving, 
non-dissipative system shows dissipation. The physical reason 
for this dissipation is the infinite stress concentration at the 
borders of a tangential contact. Due to the stress singularity, 
infinitely rapid movements occur in the material even in the 
case of quasi-static macroscopic movement of the contacting 
bodies, similar to the dissipation from elastic instabilities in 
the Prandtl-Tomlinson-model [8], [9],[10]. The physical na-
ture of relaxation damping can be understood and analyzed 
very simply in the framework of the method of dimensionality 
reduction (MDR). For small oscillation amplitudes, the dissi-
pation rate can be calculated analytically.    
 Consider a contact between two axially-symmetric elastic 
bodies with moduli of elasticity of 
1E  and 2E , Poisson’s 
numbers of 
1  and 2 , and shear moduli of 1G  and 2G , 
accordingly. We denote the difference between the profiles of 
the bodies as ( )z f r , where z  is the coordinate normal to 
the contact plane, and r  in the in-plane polar radius. The 
profiles are brought into contact and are subjected to a super-
position of normal and tangential oscillation with small ampli-
tudes. This contact problem can be reduced to the contact of a 
rigid profile ( )z f r  with an elastic half-space, Fig. 1a. 
 In our analysis we use the method of dimensionality re-
duction, MDR [11]. MDR is based on the solutions for the 
normal contact by Galin [12] and Sneddon [13] as well as their 
extensions for tangential contacts by Cattaneo [14], Mindlin 
[15], Jäger [16] und Ciavarella [17]. In the framework of the 
MDR, two preliminary steps are performed [11]: First, the 
three-dimensional elastic half-space is replaced by a one-
dimensional linearly elastic foundation consisting of an array 
of independent springs, with a sufficiently small separation 
distance x  and normal and tangential stiffness 
zk  and xk  
defined according to the rules 
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In the second step, the three-dimensional profile ( )z f r  is 
transformed into a one-dimensional profile according to 
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If the MDR-transformed profile ( )g x  is indented into the 
elastic foundation and is moved normally and tangentially 
according to an arbitrary law, the force-displacement relations 
of the one-dimensional system will exactly reproduce those of 
the initial three-dimensional contact problem (proofs have 
been done in [18] and [11].) The MDR solution is as accurate 
as the solutions of Cattaneo [14] and Mindlin [1]: the solution 
contains an inaccuracy, which has been shown to be generally 
quite small [19]. From the correctness of the force-
displacement relations, it follows that the work and the dissi-
pated energy will be reproduced correctly as well.  
 In the following, we consider, without loss of generality, a 
rigid conical indenter 
 ( ) tanz f r r     (4) 
in contact with half-space, Fig. 1a.  
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Fig. 1: (a) Contact of a cone with a half-space and (b) the 
corresponding MDR-transformed one-dimensional profile. 
The one-dimensional MDR image of the conical profile (4), 
according to (3), is  
 ( ) tan
2
g x x c x

  , (5) 
where ( / 2) tanc    is the slope of the one-dimensional 
equivalent profile, Fig. 1b. The generalization for an arbitrary 
axis-symmetrical shape can be made very easily: if the ampli-
tude of normal oscillation is sufficiently small compared to the 
indentation depth of the indenter, the shape of the edge of the 
contact will always be approximately linear. In this case, all 
axially-symmetric indenters will behave like conical indenters 
and the slope c  at the edge of the contact of the one-
dimensional MDR-transformed profile will be the only shape-
related parameter. For example, for a parabolic indenter 
2 / (2 )z r R , the MDR-transformed profile is 
2( ) /z g x x R   and the edge slope is 2c a R  where a is 
the contact radius.  The parameter c  can also be represented 
in a universal form that does not depend on the profile shape: 
The incremental contact stiffness is known to be equal to
*/ 2NF d aE    [20]. Deriving this equation once more gives 
2 2 * */ 2 / 2 /NF d E a d E c      . Thus, the slope of the 
MDR-transformed profile can be calculated as 
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 In the following, we consider energy dissipation in two 
cases: (a) oscillations in the normal and tangential direction 
with equal frequencies, (b) oscillation in the normal direction 
with much higher frequency than in the tangential direction.  
 (a) Normal and tangential oscillations with equal frequen-
cies. Let the profile oscillate harmonically with a normal 
amplitude (0)zu , a tangential amplitude 
(0)
xu  and a phase dif-
ference 
0 . To study the effect of relaxation damping in the 
pure, we assume an infinite friction coefficient between both 
bodies. Since the springs of elastic foundation in the MDR 
model are independent, it is sufficient to analyze the energy 
dissipation of a single spring (Fig. 2), and then to summarize 
over all springs which come into contact during an oscillation 
cycle. Consider a point of the rigid indenter with initial dis-
tance (0)z  from the “surface”. Its coordinates during the oscil-
latory motion can be written as   (0) (0) cos   zz t z u t  and  
   (0) (0) 0cos  xx t x u t  . If  
(0) (0)
zu z , the point of 
the rigid surface will come into contact with one of the springs 
of the elastic foundation in point 
1x  and will drag it along to 
point 
2x , where contact is lost and the spring relaxes over the 
distance 
2 1s x x  .  The coordinates 1x  and 2x  are deter-
mined by setting 0z  . After simple calculations we get 
  
2
(0) (0) (0)
2 1 02 1 / sinx zs x x u z u     . (7) 
 
Fig. 2: A point of the rigid surface with the initial coordinate 
(0)z z   oscillates around this position. It comes into contact 
with a spring in point 
1x  and loses contact in point 2x . 
 
 The energy dissipated by a single spring during one cycle 
is equal to the energy stored in the stressed spring at the time 
of its release: 
 2 * 2
1 1
2 2
xW k s G s x     . (8) 
Energy dissipation occurs only if the point of the surface was 
in contact with the substrate during only a part of the cycle. 
This is the case for all points which satisfy the condition 
 (0) (0) (0)z zu z u   . (9) 
Substituting (0) /x z c    in (8) and integrating over the 
interval (9), we obtain the total dissipated energy per cycle: 
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The factor “2” takes into account that there are two symmetric 
regions on both sides of the contact giving equal contributions 
to dissipation (this complete symmetry is only valid in the 
standard half-space-approximation used in this Letter). Substi-
tution of (7) into (10)  and evaluation of the integral finally 
gives 
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or in the shape invariant form, using (6),  
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 (b) Low frequency tangential motion with superimposed 
high frequency oscillation. During one cycle of the normal 
oscillation, one can assume that the body is moving tangential-
ly with a constant velocity (0)xv ,  
(0) (0)
xx x v t  , while the z -
coordinate is still defined by (0) (0) coszz z u t   . The times 
at which a spring is coming into contact with the indenter (
1t ) 
and is released (
2t ) are given by the condition 0z  , from 
which it follows    (0) (0)1,2 1/ arccos / zt z u .  For the 
distance s , we get the following result: 
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Substituting into (10) and evaluating of the integral, we get the 
energy dissipated per cycle: 
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or in the shape invariant form 
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The dissipation power (energy dissipated per unit time), P , 
can now be simply evaluated by dividing (14) by the period of 
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one oscillation, 2 /  :    2 * (0) (0)22 4 /z xG u v cP     . 
The dissipation power is proportional to the square of the 
velocity. Thus, the system acts as a simple damper with the 
damping constant     2 * (0)2 4 /zG u c    , which can 
be tuned by changing either the amplitude or frequency of 
normal oscillations. 
 We would like to stress that in spite of the fact that the 
relaxation losses (11)-(12) and (14)-(15) have been derived in 
a one-dimensional model, they represent, due to the MDR 
theorems, the exact three-dimensional results for axis-
symmetric profiles. In the shape invariant form (12) and (15) 
they are even applicable to multi-contact systems with inde-
pendent contacts, as e.g. represented by the Greenwood and 
Williamson model of contact of rough surfaces [21]. This 
follows directly from the linearity of the energy losses with 
respect to the normal force. The shape invariance of the results 
(12) and (15) suggests that these may even be exact relations 
applicable to any three-dimensional contact topography. In 
order to verify this hypothesis, we carried out a series of three-
dimensional, full-Cerruti-type numerical simulations of oscil-
lating contacts using the methods described in detail in [22] 
and [23].   
 
 
Fig. 3 (a) Various surface profiles used to validate Eq. (12) by 
direct three-dimensional simulations of oscillating contact: a 
sharp-edged cylindrical profile; a parabolic surface; an ar-
rangement of 16 pyramid indenters; a series of elongate sinus-
oidal profiles. (b) The contact configurations for the corre-
sponding profiles. The minimum contact regions of a complete 
cycle are colored in black and the additional regions at maxi-
mum contact in gray. (c) Time plots of the work done by 
external forces in the x-direction on the system over one peri-
od of oscillation, normalized by the prediction W  according 
to eq. (12). In the first example, the contact area is not 
changed in the cycle so no dissipation takes place. In the other 
cases, the curves reach unity after one cycle, thereby confirm-
ing the validity of eq. 12. In all studied cases, the direct simu-
lations reproduce the analytical result with an error not ex-
ceeding 5%. 
 
 The essential findings related to these simulations are 
summarized in Fig. 3: For 4 different surface topographies 
(left column), the minimum and maximum contact areas are 
shown (middle column) as well as the time plots of the work 
done by the external force in the x -direction (right column). 
The total work done during one period (values reached at t ) 
is the dissipated energy. The horizontal dotted line shows the 
unity-normalization according to Eq. (12). One can see that 
the three-dimensional results coincide with the analytical 
prediction not only for axis-symmetrical profiles, but also for 
profiles having an “arbitrary” different form. We thus can 
conclude that Eq. (12) can be universally applied to contacts 
of arbitrarily shaped bodies. The same will be valid of course 
for Eq. (15). 
 Let us apply Eq. (15) to an important class of nominally 
flat rough surfaces (surfaces having a long wavelength cut-off 
of the power spectrum of roughness). For such surfaces, the 
relation between the normal force and the indentation depth is 
known to be exp( / )NF d l   [24], [11], where l  is of the 
order of magnitude of the rms roughness. For the second 
derivative of the force, we have 2 2 2/ /N NF d F l   . Substitu-
tion into (15) gives 
   * 2
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Thus, for rough surfaces, the damping is proportional to the 
normal force and the amplitude of the normal oscillation. It 
can be tuned by changing the normal force, the oscillation 
amplitude and the oscillation frequency. 
 Finally, let us come back to the physical nature of the 
relaxation damping. Brillouin was probably the first to recog-
nize that a non-vanishing dissipation at low velocity can only 
occur if there are some discontinuous jumps from one state to 
another in the system [25]. In other words, movement with 
finite velocity must occur in the system even if it is driven 
quasi-statically. Such rapid movements due to elastic instabili-
ties are e.g. the reason for the appearance of finite dissipation 
in the celebrated Prandtl-Tomlinson-model [8]. At first glance, 
the oscillating contacts discussed in this Letter do not lead to 
any rapid movements. However, a singularity of stresses does 
exist at the border of the contact. This singularity leads to 
infinitely rapid movements even if the configuration of the 
contact changes quasi-statically. Let us illustrate this by the 
distribution of tangential stresses in the contact plane. The 
tangential stress distribution can be easily calculated from the 
linear force density ( )q x  in the one-dimensional MDR-model 
by applying the integral transformation [11] 
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The tangential stress as a function of coordinate and time is 
shown in Fig. 4 as a color map. Of interest is the range of 
coordinates where the indenter is in contact only over some 
part of the oscillation period. In this range, one can see two 
maxima of the stress: the first one is located at the left bounda-
ry of the range. A detailed analysis shows that this is a loga-
rithmic singularity, which is “pulsating” but not moving spa-
tially. The second singularity is located at the right boundary 
of the contact; it develops and persists during the phase of the 
oscillation when the indenter is “pulled away”. This is a 
“square root singularity”, which is moving spatially. Move-
ment of this singularity leads to infinitely rapid movements in 
the medium even if the indenter is moving quasi-statically.   
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Fig. 4. Color map of the distribution of tangential stress as 
function of radius r  (horizontal axis) and time (vertical axis) 
over one period of the oscillation   (0) (0) cos   zz t z u t  and  
   (0) (0) 0cos  xx t x u t   with the phase shift 0 / 2  . 
At the beginning of the motion, a positive singularity appears 
at the initial boundary of the contact and remains at this point 
during the whole oscillation period (right lower subplot.) No 
energy dissipation is associated with this non-moving singu-
larity. At the moment of reversal of the indentation movement 
(start of the “pulling” phase) a square-root-singularity appears 
at the right boundary of the contact and moves subsequently to 
the left, together with the shrinking contact region (right upper 
sub-plot.) At the same time, irreversible energy dissipation 
takes place. The right subplots correspond to the times shown 
in the color map with horizontal dashed lines. In the sub-plots, 
the maximum and the minimum extent of the contact region 
during an oscillation period is shown with dotted lines. 
 
In conclusion, the effect of relaxation damping was discussed 
using the example of axis-symmetric elastic bodies with infi-
nite friction in the contact area. The discussion was general-
ized to multi-contact systems and contact of bodies with rough 
surfaces. We have shown that a superposition of tangential 
movement (both with oscillating and constant velocity) and 
normal oscillations leads to a specific damping, which we call 
“relaxation damping”. The damping is proportional to the 
amplitude of the normal oscillations and to the square of the 
tangential velocity. For nominally flat rough surfaces, it is also 
proportional to the applied normal force. The assumption of 
the infinite coefficient of friction was made only to study the 
effect in the pure. However, all results are directly applicable 
to systems with a finite coefficient of friction provided that the 
changes in the radius of the stick region are much smaller than 
those due to changing indentation. The effect will also be 
present, in a modified form, in sliding systems. Our analysis 
shows that application of normal oscillations will introduce 
additional damping of tangential movement into a system with 
friction. This may account for the well-known effect of sup-
pression of frictional instabilities by application of ultrasonic 
oscillations, which was studied both theoretically [26] and 
experimentally [27].  
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